
 

It’s helpful to draw a picture for this problem. 

NoƟce that congruent segments 𝑃𝑄തതതത and 𝐽𝐾തതത have 

measures  9𝑥 െ 45  and  6𝑥 ൅ 15.  Then: 

9𝑥 െ 45 ൌ 6𝑥 ൅ 15 

3𝑥 െ 45 ൌ 15 

3𝑥 ൌ 60 

𝒙 ൌ 𝟐𝟎 

Finally, we need to check the sides of ∆𝐽𝐾𝐿 to make sure this results in a viable triangle: 

2𝑥 ൌ 40,     5𝑥 ൌ 100,     6𝑥 ൅ 15 ൌ 135 

Sides of 40, 100, 135 are viable in a triangle because 40 ൅ 100 ൐ 135. 

Note that if we had calculated 𝑥 ൌ 10, the sides would have been 20, 50, 75, which is 

not a viable triangle because 20 ൅ 50 ൏ 75.  This problem would have no soluƟon. 

 

 

Our target is to prove ∆𝐴𝐵𝐶 ≅ ∆𝐴𝐹𝐷 with one of the SSS, SAS, ASA or 

AAS triangle congruence theorems.  Let’s do this as a proof, being careful 

to use the leƩers from the diagram in the order required for triangle 

congruence. 

 

 

 

 

 

To find 𝑥, noƟce that 𝐵𝐴തതതത ≅ 𝐹𝐴തതതത by CPCTC.  Then, 𝐵𝐴 ൌ 𝐹𝐴, so, 

𝑥 ൅ 4 ൌ 2𝑥 െ 3 

4 ൌ 𝑥 െ 3 

7 ൌ 𝑥 

To find 𝑚∠𝐷, noƟce that ∠𝐶 ≅ ∠𝐷 by CPCTC.  Then, 𝑚∠𝐷 ൌ 𝑚∠𝐶, so, 

𝑚∠𝐷 ൌ ሺ6𝑥ሻ° ൌ ሺ6 ∙ 7ሻ° ൌ 𝟒𝟐° 

Step Statement Reason 

1 ∠𝐵 ≅ ∠𝐹 

𝐵𝐶തതതത ≅ 𝐹𝐷തതതത 
Given in the diagram. 

2 ∠𝐵𝐴𝐶 ≅ ∠𝐹𝐴𝐷 Vertical angles are congruent. 

3 ∆𝐴𝐵𝐶 ≅ ∆𝐴𝐹𝐷  AAS triangle congruence theorem. 
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It’s helpful to draw a picture for this problem.  Let’s 

draw two congruent triangles so that relaƟonships 

between their parts are easy to evaluate.   

Consider each statement, looking at the diagram 

for support. 

A) Three of the points in this statement are in one triangle, and one is in the other.  

FALSE 

B) 𝑋𝐶തതതത is the leŌ leg in its triangle, whereas 𝑀𝐿തതതത is the right leg in its triangle.  FALSE 

C) ∠𝑋 is at the top of its triangle, whereas ∠𝑆 is on the leŌ of its triangle.  FALSE 

D) Both ∠𝑋𝐶𝐵 and ∠𝐿𝑆𝑀 are on the leŌ of their respecƟve triangles.  CPCTC  TRUE 

Answer	D is correct. 

 

 

4)  The boƩom triangle in the diagram has two known angles, so we can calculate the third, 

knowing that the sum of the interior angles of a triangle is 180°. 

𝑚∠4 ൌ 180° െ 28° െ 57° ൌ 𝟗𝟓° 

 

5)  Angles 4 and 5 form a linear pair, so they add to 180°.  From above, 𝑚∠4 ൌ 95°. 

𝑚∠5 ൌ 180° െ 95° ൌ 𝟖𝟓° 

AlternaƟvely, ∠5 is an external angle to the triangle containing ∠5.  Therefore, it is equal 

to the sum of the measures of the two non-adjacent angles in that triangle. 

𝑚∠5 ൌ 57° ൅ 28° ൌ 𝟖𝟓° 

 

6)  In the top triangle in the diagram, we have ∠6, an angle of 36°, and an angle of 95°.  The 

last of these is because the remaining angle is verƟcal with ∠4, so it has the same measure.  

The sum of these interior angles must be 180°. 

𝑚∠6 ൌ 180° െ 36° െ 95° ൌ 𝟒𝟗° 
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7)  The triangle on the right in the above diagram contains angles 5 and 7, and an angle of 

42°.  From above, we know 𝑚∠5 ൌ 85°.  We can calculate 𝑚∠7, knowing that the sum of 

the interior angles of a triangle is 180°. 

𝑚∠7 ൌ 180° െ 42° െ 85° ൌ 𝟓𝟑° 

 

 

The angle external to ∠2 has a measure of ሺ3𝑥 ൅ 59ሻ°.  

The exterior angle theorem says that the measure of 

an exterior angle is equal to the sum of the measures 

of the two non-adjacent angles in the triangle. 

3𝑥 ൅ 59 ൌ ሺ2𝑥 െ 10ሻ ൅ 88 

𝑥 ൅ 59 ൌ 78 

𝑥 ൌ 𝟏𝟗 

Angle 2 and its exterior angle form a linear pair, so they add to 180°.   

𝑚∠2 ൌ 180° െ ሺ3𝑥 ൅ 59ሻ° 

ൌ 180° െ ሺ3 ∙ 19 ൅ 59ሻ° 

ൌ 180° െ 116° ൌ 𝟔𝟒° 

 

 

 

 

 

 

Step Statement Reason 

1 

a) ∠𝐷𝑆𝑅 is a right angle. 

b) ∠𝐷𝑆𝑅 and ∠𝐻𝑆𝑅 
form a linear pair. 

c) 𝐷𝑅തതതത ≅ 𝐻𝑅തതതത. 

Given in the diagram. 

2 𝑆𝑅തതതത ≅ 𝑆𝑅തതതത Reflexive property of congruence. 

3 ∠𝐻𝑆𝑅 is a right angle. ∠𝐷𝑆𝑅 and ∠𝐻𝑆𝑅 form a linear 
pair and ∠𝐷𝑆𝑅 is a right angle. 

4 ∆𝐷𝑆𝑅 and ∆𝐻𝑆𝑅 are 
right triangles. 

Both triangles contain right 
angles. 

5 ∆𝑫𝑺𝑹 ≅ ∆𝑯𝑺𝑹  
Yes, the ∆s are ≅. 

Hypotenuse (𝐷𝑅തതതത ≅ 𝐻𝑅തതതത) leg 
(𝑆𝑅തതതത ≅ 𝑆𝑅തതതത) congruence theorem. 
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We have congruence for one pair of sides and one pair of angles in the diagram.  We need 

congruence of legs on the other side of the congruent angles.  That would be  𝑨𝑮തതതത ≅ 𝑶𝑳തതതത. 

          Answer	B	

 

 

Since 𝑃𝑅തതതത ∥ 𝑆𝑈തതതത, ∠𝑅𝑄𝑈 and ∠𝑄𝑈𝑇 are alternate interior angles and are, therefore, 

congruent.  So, 𝑚∠𝑄𝑈𝑇 ൌ 30°. 

Next, ∠𝑄𝑈𝑇 ≅ ∠𝑄𝑇𝑈 because they are angles opposite congruent legs in isosceles ∆𝑄𝑈𝑇.  

So 𝑚∠𝑄𝑇𝑈 ൌ 30°. 

Finally, ∠𝑄𝑇𝑈 and ∠𝑆𝑇𝑄 form a linear pair, so the sum of their measures must be 180°. 

𝑚∠𝑆𝑇𝑄 ൌ 180° െ 𝑚∠𝑄𝑇𝑈 ൌ 180° െ 30° ൌ 𝟏𝟓𝟎°   

        Answer	C	

 

 

In an equilateral triangle, all interior angles measure 60°.  Then, 

2𝑥 െ 40 ൌ 60 

2𝑥 ൌ 100 

𝑥 ൌ 50 

The perimeter of an equilateral triangle is three Ɵmes the length of one side.  Then, 

𝑃 ൌ 3 ൬
1
2

𝑥൰ ൌ 3 ൬
1
2

∙ 50൰ ൌ 𝟕𝟓 𝐢𝐧𝐜𝐡𝐞𝐬 

Always remember to idenƟfy units in your soluƟon when they are given in the problem! 
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This problem becomes easier if we label a few more 

angles.  Angles opposite congruent sides in isosceles 

triangles are congruent, which helps with our labeling. 

In the triangle on the right, the sum of the interior angles 

must be 180°, so, 

𝑏 ൌ 180 െ 37 െ 37 ൌ 106. 

The adjacent angles marked 𝑎° and 𝑏° form a linear pair, so, 

𝑎 ൌ 180 െ 106 ൌ 74. 

The center triangle has two angles of 𝑎° and one angle of 𝑦°, which must add to 180°, so, 

𝒚 ൌ 180 െ 74 െ 74 ൌ 𝟑𝟐. 

Finally, along the top right, angles marked 37°, 𝑎°, and 𝑥° must add to 180° in order to 

form a straight angle, so, 

𝒙 ൌ 180 െ 37 െ 74 ൌ 𝟔𝟗. 

 

 

 

Legs opposite congruent angles in isosceles triangles 

are congruent. 

𝑦ଶ ൌ 5𝑦 ൅ 24 

𝑦ଶ െ 5𝑦 െ 24 ൌ 0 

ሺ𝑦 െ 8ሻሺ𝑦 ൅ 3ሻ ൌ 0 

𝒚 ൌ 𝟖, െ𝟑 (2 possibiliƟes) 

If we plug each of these values into the lengths of the sides shown in the diagram, we 

always get posiƟve numbers, so there are two cases.  If we had goƩen a length that was 

negaƟve for either 𝑦 ൌ 8 or 𝑦 ൌ െ3, we would have had to discard that soluƟon. 

The perimeter of the triangle is:  𝑃 ൌ 𝑦ଶ ൅ ሺ4𝑦 ൅ 15ሻ ൅ ሺ5𝑦 ൅ 24ሻ ൌ 𝑦ଶ ൅ 9𝑦 ൅ 39. 

Case 1 (𝑦 ൌ 8):  𝑃 ൌ 𝑦ଶ ൅ 9𝑦 ൅ 39 ൌ 8ଶ ൅ 9 ∙ 8 ൅ 39 ൌ 𝟏𝟕𝟓.  (we are not given units) 

Sides of this triangle are 64, 64, 47, which gives a viable triangle. 

Case 2 (𝑦 ൌ െ3):  𝑃 ൌ 𝑦ଶ ൅ 9𝑦 ൅ 39 ൌ ሺെ3ሻଶ ൅ 9 ∙ ሺെ3ሻ ൅ 39 ൌ 𝟐𝟏.   

Sides of this triangle are 9, 9, 3, which gives a viable triangle. 

𝑎° 
37° 

𝑎° 𝑏° 
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InteresƟngly, the external angle theorem says that 𝑚∠1 ൅ 𝑚∠2 ൌ 𝑚∠4.  Assuming that 

Anna has not yet learned that theorem, she would need to include in her proof: 

𝑚∠1 ൅ 𝑚∠2 ൅ 𝑚∠3 ൌ 180°  (interior angles in a triangle add to 180°), and 

𝑚∠4 ൅ 𝑚∠3 ൌ 180°  (∠4 and ∠3 form a linear pair). 

Comparing these two statements with the possible answers, we see that the second 

statement is the same as Answer	D, which is the correct answer. 

It appears that Anna is well on her way to proving the external angle theorem! 

 

 

 

Looking carefully at the leƩer order in the congruence, we 

see that  𝑃𝑀 ൌ 𝑂𝑁  and  𝑚∠𝑂 ൌ 𝑚∠𝑃.  Then, 

𝑂𝑁 ൌ 𝑃𝑀   
 

→    3𝑥 െ 12 ൌ 𝑥 ൅ 4   

2𝑥 െ 12 ൌ 4 

2𝑥 ൌ 16 

𝒙 ൌ 𝟖 

𝑚∠𝑂 ൌ 𝑚∠𝑃   
 

→    5𝑥 ൅ 12 ൌ 5𝑦 ൅ 2   

5 ∙ 8 ൅ 12 ൌ 5𝑦 ൅ 2   

52 ൌ 5𝑦 ൅ 2   

50 ൌ 5𝑦 

𝟏𝟎 ൌ 𝒚 
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It looks like we want to head toward  ∆𝐴𝐷𝐵 ≅ ∆𝐴𝐷𝐶, and use CPCTC. 

 

 

 

 

 

 

 

 

 

 

With parallel lines, we will typically look for alternate interior angles or corresponding 

angles to prove things.  Also, this looks like another situaƟon where we have congruent 

triangles and can use CPCTC.  

 

 

 

Step Statement Reason 

1 
𝐴𝐷തതതത ⊥ 𝐵𝐶തതതത. 

𝐴𝐷തതതത bisects ∠𝐵𝐴𝐶. 
Given. 

2 
∠𝐴𝐷𝐵 is a right angle. 

∠𝐴𝐷𝐶 is a right angle. 

𝐴𝐷തതതത ⊥ 𝐵𝐶തതതത. Perpendicular lines 
form right angles. 

3 ∠𝐴𝐷𝐵 ≅ ∠𝐴𝐷𝐶. All right angles are congruent. 

4 𝐴𝐷തതതത ≅ 𝐴𝐷തതതത. Reflexive property of congruence. 

5 ∠𝐵𝐴𝐷 ≅ ∠𝐶𝐴𝐷. 𝐴𝐷തതതത bisects ∠𝐵𝐴𝐶. 

6 ∆𝐴𝐷𝐵 ≅ ∆𝐴𝐷𝐶  ASA congruence theorem. 

7 ∠𝐵 ≅ ∠𝐶  CPCTC. 

Step Statement Reason 

1 
𝐴𝐷തതതത ∥ 𝐶𝐵തതതത. 

𝐴𝐵തതതത ∥ 𝐶𝐷തതതത. 
Given. 

2 ∠𝐵𝐴𝐶 ≅ ∠𝐷𝐶𝐴. Alternate interior angles of 𝐴𝐵തതതത ∥ 𝐶𝐷തതതത, 
with 𝐴𝐶തതതത a transversal. 

3 ∠𝐵𝐶𝐴 ≅ ∠𝐷𝐴𝐶. Alternate interior angles of 𝐴𝐷തതതത ∥ 𝐶𝐵തതതത, 
with 𝐴𝐶തതതത a transversal. 

4 𝐴𝐶തതതത ≅ 𝐴𝐶തതതത. Reflexive property of congruence. 

5 ∆𝐵𝐴𝐶 ≅ ∆𝐷𝐶𝐴  ASA congruence theorem. 

6 ∠𝐵 ≅ ∠𝐷  CPCTC. 
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This problem becomes easier if we label a few more angles.  

Angles opposite congruent sides in isosceles triangles are 

congruent, which helps with our labeling. 

Angles opposite congruent legs in isosceles triangles are 

congruent. 

In the top leŌ triangle, the base angles are congruent, so they are both labeled 𝑦°. 

In the boƩom right triangle, the base angles are congruent, so they are both labeled 55°.  
Also, we see congruent verƟcal angles between the two triangles, so they are both labeled 

𝑦°. 

Then, we can add up the angles in each triangle to get 180°.  In the boƩom right triangle,  

𝑦 ൅ 55 ൅ 55 ൌ 180 

𝑦 ൅ 110 ൌ 180 

𝒚 ൌ 𝟕𝟎 

In the top leŌ triangle, 

𝑥 ൅ 𝑦 ൅ 𝑦 ൌ 180 

𝑥 ൅ 70 ൅ 70 ൌ 180 

𝑥 ൅ 140 ൌ 180 

𝒙 ൌ 𝟒𝟎 

 

 

 

 

 𝑦°         55°

𝑦° 

Page 8 of 8




